Some students in this class may be interested in obtaining a
copy of SPSS (the stats program we will use in this class) for
yourself. Here is some info (verified last week, but subject to
change):

Module 2

• SPSS has a “grad-pack” version valid for 4 years that comes with
regression modeling and some other add-ons
• This grad-pack version retails for ~$45 to $95 (depending on the
version and activation term ordered)
• Here is the link to the IBM page for this software:
https://www.ibm.com/us-en/marketplace/spss-statistics-gradpack

Part One: Why Multivariate Statistics?

• SPSS does not sell the grad pack directly – this is one online
retailer that does: untsystem.onthehub.com (go to “statistics” tab)
Also: SPSS has a free demo download good for 30 days - visit
https://www.ibm.com/products/spss-statistics

Why Multivariate Statistics?


This class is about an advanced set of
analytical methods that geographers use
all the time

Why Multivariate Statistics?




– 1. the difficulty of addressing complex research
questions, common to geography, with univariate
analysis
– 2. the availability of numerous good software
packages that make multivariate statistics possible

– Statistics that are multivariate and/or spatial in
nature
– Such statistics have increased in their use in
recent years across virtually all fields of
physical and social sciences

Why Multivariate Statistics?


Univariate statistics have become inadequate
on their own as a base for reading or writing
modern-day research
– Our challenge for this course: make sure you feel
comfortable selecting and setting up multivariate
analyses, and interpreting the results

This increase in use has been especially rapid
in geography and related disciplines
A couple of major reasons

Why Multivariate Statistics?


Univariate statistics have become inadequate
on their own as a base for reading or writing
modern-day research
– Multivariate stats and calculations are more
complicated than univariate stats by at least an order
of magnitude (i.e. 10 times)
– However, the understanding required to use
multivariate stats does not require an equivalent
leap: familiar concepts are the foundation
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Some Key Issues & Concepts


Independent Variables (IVs) and Dependent
Variables (DVs)

Some Key Issues & Concepts


– Q: What is an independent variable? Dependent?
– Independent variables are sometimes termed
predictor or causal variables because they are often
conceptualized as causing change in the dependent
variable
– Univariate stats: one DV, one IV (causality is
conceptualized between the two)
– Bivariate stats: special case – analyze the
relationship between two variables, but here neither
is conceptualized as causing the other

Some Key Issues & Concepts


Experimental versus Nonexperimental
Research
– Experimental Research: the researcher controls
• 1. the levels or conditions of at least one IV
• 2. all other factors known to influence the DV

– Nonexperimental Research: the researcher
• 1. can define what IVs to use and measure
• 2. does not manipulate or control the levels of the IVs

Independent Variables (IVs) and Dependent
Variables (DVs)
– Multivariate stats: multiple IVs and (potentially)
multiple DVs (in the most complex case)

Some Key Issues & Concepts


Experimental versus Nonexperimental
Research
– Geographic research: overwhelmingly
nonexperimental due to the complexity of what
geographers observe
– Q: Is it possible to set up a geographic experiment?
What might it look like if it did exist?

– In nonexperimental research, it is difficult to attribute
causality to the IV/DV relationship, but researchers
often interpret some functional meaning to the
relationship (and the statistics work regardless)

Urban Wind Tunnel Modeling at Colorado State University

UNT’s 3D Interactive Topographic
Drainage Modeling Table
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Physical Analog Services Provided by a
Non-Profit Research Institute

Some Key Issues & Concepts


Multivariate Statistics in Nonexperimental
Research: How to Approach?

Geographic Experiment to Measure
Advertising Effectiveness

Some Key Issues & Concepts


– In highly complex situations involving many
interrelated variables (i.e. most of geography), one
simple option would be to use a series of univariate
or bivariate analyses
– Benefit: help us understand the micro relationships
among variable pairs (analyze many pairs)
– Problem: this would not help us understand overall
relationships among groups of variables
simultaneously

Some Key Issues & Concepts


Garbage In, Roses Out?
– One issue we need to be much more aware of with
multivariate stats is the reliability of our data
– Especially with multivariate analysis, results aren’t
necessarily closely tied to easily-observed data
characteristics
• Very hard to pick up errors/problems with a
dataset simply by examining the results of a
multivariate analysis
• Very easy to make “garbage data” look great by
running it through some multivariate hoops

Multivariate Statistics in Nonexperimental
Research: How to Approach?
– One common outcome of using multivariate statistics
is the ability to see relationships between one group
of variables and another
– It is this capability that is a primary reason for going
to multivariate statistics

Some Key Issues & Concepts


Garbage In, Roses Out?
– This means we need to be very careful when
screening our data for errors before analysis
– See my handout on data screening: there a few
basic guidelines to be aware of

Data Screening Handout
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Some Key Issues & Concepts


A few more useful definitions

Some Key Issues & Concepts


A few more useful definitions

– Nominal, ordinal, interval, and ratio data: make sure
you are aware of the various data types
– Samples and populations: as geographers, we need
to focus on nonexperimental interpretations,
applications, and issues relate to these terms

– Descriptive and inferential statistics: know the
difference
• Descriptive statistics: describe a sample or
population
• Inferential statistics: test hypotheses on a sample in
order to make general statements about the
population it comes from
• Key point: descriptive statistics are not necessarily
an “unpreferred alternative” to inferential statistics; if
you can describe a population completely, do it!

• Take precautions to ensure we have a representative
sample of the population: define/understand the
population, sample appropriately from it
• Investigate relationships among variables in a predefined
population

Some Key Issues & Concepts


A few more useful definitions

Some Key Issues & Concepts


A few more useful definitions

– Orthogonality: perfect nonassociation between two
variables
• If two variables are orthogonal, knowing the value
of one gives no clue as to the value of the other
• Surprisingly enough to some people, orthogonality
is often desirable in multivariate work
• If all IVs are orthogonal (no overlap in what they
explain), then adding each to an analysis will add
greatly to the prediction of any DVs

– Number and nature of variables to include: in
general, the fewer, the better
• Fewer variables: more general, but less explanation
• More variables: more explanation, but also more
specific (model is hard to generalize and poor as a
tool for understanding)

Matrix Algebra
Module 2



What on earth are we doing, and why?
– Matrix algebra is the foundation for
multivariate statistical analysis
Concept of a “Correlation Matrix”:

Part Two: Introduction to Matrix Algebra

Income

Age

Height

Income

1.0

0.9

0.4

Age

0.9

1.0

0.7

Height

0.4

0.7

1.0
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Matrix Algebra


Matrix Algebra

What on earth are we doing, and why?
– Matrices are also powerful in allowing
geographers to model a variety of other placebased phenomena, such as encoding the
networks that connect places
Transportation geography: an airline network

What on earth are we doing, and why?
– Matrices are also powerful in allowing
geographers to model a variety of other placebased phenomena, such as encoding the
networks that connect places
A “connectivity matrix” for the airline network
Flights /day

Dallas

Houston

San Antonio



A More Complex Case: The North American
Route Map for American Airlines

Dallas

Houston

San Antonio

Dallas

-

44

12

Houston

46

-

16

San Antonio

13

15

-

A Related Case: The North American Route Map
for United Airlines

Chicago-O’Hare
New York
Philadelphia
Washington-Reagan

Charlotte
Los Angeles
Phoenix

Dallas-Fort Worth

Miami

Current map (following integration of AA and US Airlines systems)

Another Case: The London Subway Map

Another Case: The London Subway Map

With matrix modeling, planners can assess a
network and identify strategic locations
• Highly accessible points
• Nodes in the network where congestion is
likely to occur
• Allows for mitigation of travel issues (e.g.
minimize problems during high traffic
periods, maximize travel volume served)
• Strategic planning for infrastructure and
route investment
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Matrix Algebra


Matrix Algebra

What on earth are we doing, and why?

A “transition matrix” for studying land cover
changes in a forest setting

– Transportation geography is just one context
for this use of matrix modeling
– Any situation where there are links or
relationships within a system of places or
classifications can use matrix modeling as
well (Q: can you think of any?)

Forest
Cover
Classes in
2007

• Trade links, social links, material flows,
telephone calls, family ties, spread of a
technology,…

Forest Cover Classes in 2017 (hectares)
Closed
Forest

Open
Forest

Long Fallow

Closed
Forest

1937.6

447.9

12.4

Open
Forest

467.2

283.1

16.7

Long Fallow

18.9

0.3

183.4

Matrix Algebra


Important to note that research into the
use of matrices as modeling tools in
geography is still highly current
– Ongoing refinement in the nature of the
coefficients used in the matrix as they
represent relations/interactions
– For example, we will deal with a “spatial
weight matrix” in our discussion of spatial
statistics (in two weeks), but there continue
to be attempts to improve on that concept

Matrix Algebra


Focus here on transport network modeling
applications, but can be applied to other settings

So, this section is a brief overview of
some terminology and basic operations
we can do with matrices
– SPSS and other statistical programs (R,
SAS) do these matrix manipulations in the
background so we don’t have to
– It’s worthwhile to see what’s “inside the black
box” before we simply trust that we’re getting
the right results out at the end

6

Matrix Algebra

Matrix Algebra

A matrix is simply an “array of numbers”

We could have written our previous
sample “correlation matrix” as:

For example,

A=

[

1
17

2
18

]

11
15

C=

[

1.0

0.9

0.4

0.9

1.0

0.7

0.4

0.7

1.0

]

A23 is the element in row 2, column 3
C is a “square matrix”: the number of
rows equals the number of columns
(very common with statistical work)

A12 is the element in row 1, column 2
The matrix A above has “dimension” 2 x 3
(# of rows x # of columns)

Matrix Algebra

Matrix Algebra

More terms: AT is the “transpose” of matrix A

A=

If

[

1

2

11

17

18

15

2 rows x 3 columns
Then

AT

=

[

]

[

3 rows x 2 columns
1

17

2

18

11

15

]

A

The first row of A becomes the
first column of AT

Matrix Algebra


Another idea: matrix addition/subtraction
Can add or subtract matrices as long as they
have the same dimension (rows x columns)

] [ ]
[ ]

1

2

3

4

5

6

+

10

14

7

18

20

10

9

12

4

14

15

4

=

B

C

Matrix Algebra

Why add two matrices?
– Sample application: combining two
connectivity matrices to give a total
– Remember the airline example: what if we
have one matrix for American Airlines and
another for United Airlines, then combine
Flights /day

Dallas

Houston

San Antonio

Dallas

-

44

12

Houston

46

-

16

San Antonio

13

15

-

Another idea: matrix multiplication (important in
multivariate statistical calculations)
Can multiply matrices as long as the number of
columns in the first matrix equals the number of
rows in the second

A· B= C
(m rows) x (n columns)
(n rows) x (p columns)

(m rows) x (p columns)
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Matrix Algebra

Matrix Algebra

How to do matrix multiplication? Let’s just deal
with the simplest possible case.

A· B= C

A· B= C

A=

where all matrices (A, B, and C) are of dimension
2x2 (smallest possible matrix)
so

Matrix Algebra


In general for A · B = C



1 2 3 10 20 30
A  B  4 5 6  40 50 60

 

7 8 9 70 80 90

B=

ae+bg af+bh
ce+dg cf+dh

[ ]
]
e
g

f
h

Element (1,1) of C (the multiplied
matrix) then would be calculated
from
B
C
A
1 2 3 10 20 30  a b c 
4 5 6  40 50 60  d e f 

 
 

7 8 9 70 80 90  g h i 

300

Matrix Algebra

Element (1,2) of C (the multiplied
matrix) then would be calculated
from

b = (1 x 20) + (2 x 50) + (3 x 80) = 360

b
d

a = (1 x 10) + (2 x 40) + (3 x 70) = 300

Matrix Algebra

B
C
A
1 2 3 10 20 30  a b c 
4 5 6  40 50 60  d e f 

 
 

7 8 9 70 80 90  g h i 

a
c

Matrix Algebra

– Each element (n,m) of Matrix C is the sum of the
elements of row n of Matrix A multiplied by the
elements of column m of Matrix B
– Take the case



[ ]
C=[

In matrix multiplication,

A· B ≠ B·A
even if both multiplications are possible (in terms of
the matrix dimensions)

360

A matrix can be squared (in other words, multiplied
with itself, or symbolically, A·A) if and only if it is a
square matrix (# rows = # columns)
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Matrix Algebra


Matrix Algebra

Why square a matrix?



– Sample application: squaring a connectivity
matrix (again think of the airline example)
gives a new matrix with the number of onestop connections between each city

– Square matrix: as noted earlier,
# rows = # columns
– Diagonal elements of a matrix: in a
square matrix, the diagonal elements are
called the “principal diagonal”

• The original matrix gives the direct (nonstop)
connections
Flights /day

Dallas

Houston

San Antonio

Dallas

-

44

12

Houston

46

-

San Antonio

13

15

Income

Age

Height

Income

1.0

0.9

0.4

16

Age

0.9

1.0

0.7

-

Height

0.4

0.7

1.0

Matrix Algebra


Matrix Algebra

Other special terms



– Symmetrical matrix: symmetric around
this diagonal (as in our example correlation
matrix)

Other special terms
– Symmetrical matrix: symmetric around
this diagonal (as in our example correlation
matrix)
– Note that square matrices do not have to
be symmetrical (think of our airline matrix)

Income

Age

Height

Dallas

Houston

San Antonio

Income

1.0

0.9

0.4

Dallas

-

44

12

Age

0.9

1.0

0.7

Houston

46

-

16

Height

0.4

0.7

1.0

San Antonio

13

15

-

Matrix Algebra


Other special terms

Flights /day

Matrix Algebra

Other special terms



– Diagonal matrix: matrix where the only
non-zero elements are on the diagonal
1

0

0

0

0

12

0

0

0

0

4

0

0

0

0
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Other special terms
– Identity matrix: a diagonal matrix where the
diagonal is all ones (the matrix equivalent of
the number 1)
A 4x4 identity matrix I:
1

0

0

0

0

1

0

0

0

0

1

0

0

0

0

1

A· I = I·A=A
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Matrix Algebra


Matrix Algebra

Inverse of a matrix



– Definition of the inverse of a matrix

Inverse of a matrix
– Used in solving simultaneous linear
equations

A · A-1 = I (the identity matrix)

Example:

Think of this the same way as in high school
algebra
x · x-1 = 1

In matrix notation this becomes:

2 · 2-1 = 1

or (1/x)

[ ]· [ ] = [ ]
3
2

or (1/2)



Inverse of a matrix

b
A· x =b



·

x

15
8

=

b

• |A| is a number: the “determinant of matrix A”

– If |A| ≠ 0, then A-1 exists
– Determinant for the case of a 2x2 matrix:

[ ] = A ·[ ]
x1
x2

Inverse of a matrix
– Not all matrices are invertible
– Simple test to determine of A-1 exists:
calculate |A|

is the solution to the system

From our previous example (last slide):

-1

15
8

A=

Finding A-1 gives us the values of x1 and x2.
However, finding A-1 is not a trivial matter

Matrix Algebra

[ ]
a
c

b
d

|A| = ad - cb

Matrix Algebra

Inverse of a matrix



– If |A| ≠ 0, then the inverse of the 2x2 matrix
is

A-1 =

x1
x2

Matrix Algebra

– In general,
x = A-1 ·



5
4

A

Or

Matrix Algebra

3x1 + 5x2 = 15
2x1 + 4x2 = 8

1
|A|

·

[ ]
d -b
-c a

Inverse of a matrix
– The determinant and inverse calculations
become much more involved in going to
3x3 matrices
– You don’t even want to think about 4x4 and
above (let’s just say that computers are a
wonderful thing!)
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